A dusty plasma is a three-component plasma with electrons, ions, and a dispersed phase of very massive charged grains of solid matter. Dusty plasmas are usually encountered in the space and astrophysical situations 1 " 3 , fusion devices 4 , industry and modern technologies 5, 6 as well as in the dust coagulation and macroscopic Coulomb crystal In most of the earlier studies on collective effects in dusty plasmas, fluid description of plasmas was considered 14 " 18 . Since the mass of a dust grain can be many orders higher than that of an ion, the finite-Larmor-radius (FLR) effects must become significant in a small but finite temperature magnetized dusty plasma. In this situation, it is anticipated that the presence of external magnetic field with the inclusion of FLR thermal kinetic effect can also open a number of additional or new modes which usually cannot be found by the cold-fluid magnetohydrodynamics (MHD) theory. Kinetic theory including the finite Larmor radius effects was employed earlier 19 for the case of transverse propagation and the presence of the dust-lower-hybrid mode was shown to exist in a hot magnetized dusty plasma. M.R. Amin 20 attempted a study of specific low-frequency electrostatic modes for propagation in almost perpendicular and almost parallel to the magnetic field starting from an approximate expression for the dielectric function [Eq.(2) of his paper 20 ]. To the best knowledge of the authors, there has not been any systematic study on the various possible low-frequency electrostatic modes at different frequency regimes including the FLR effects in a hot magnetized dusty plasma. In this Letter, we investigate the very lowfrequency electrostatic modes whose frequency ranges are in between the dust cyclotron and ion cyclotron frequencies as well as below the dust cyclotron frequency in a uniformly magnetized dusty plasma by considering dust dynamics with Vlasov-kinetic theory. In particular, we investigate the ultra-low-frequency electrostatic dust modes propagating obliquely to the external magnetic field by including the FLR thermal kinetic effects.
We consider a fully ionized plasma consisting of positive ions, electrons and negatively charged dust grains embedded in a uniform ambient magnetic field. Although the size, mass, and the charge of the dust grains vary from one grain to another, we assume that the dust grains all have uniform size and a constant negative charge, and that they neither break up nor coalesce. When the grain size is much smaller than the wavelength of perturbations and the interparticle distance, then the dust grains may be treated as negatively charged point masses (like negative ions). In the equilibrium, the plasma is quasineutral and the conservation of the particle number density must always hold.
Thus, for negatively charged dust grains, the quasineutrality condition demands that
, where Zi and Z d refer to the charge numbers of ions and dust particles; nj0 is the unperturbed particle number density. We assume constant charge on the dust particles and thereby neglect any damping of the wave modes that may arise because of grain charge fluctuations. Our approximation can be justified for those dusty plasmas where the charging frequency of the grains is very small compared to the wave-frequency under consideration. 21 However, in a dusty plasma, the dust electronic charge, mass, and radius, etc. may have distributions, i.e., these may be time-dependent quantities and should be treated as dynamical variables. The charge fluctuation of grains alone leads to a dissipation of the low-frequency modes. 21 " 27 Let us now consider any electrostatic mode (ω,k) propagating obliquely to an external magnetic field B s || z. We assume that the wavevector k of the mode lies on the xz plane in a three-dimensional Cartesian coordinate system. The dispersion relation of this electrostatic mode is obtained from and for the unmagnetized dust dynamics, the dust susceptibility is given by
UJ
Using Eqs. (4) and (5), the dispersion relation, Eq. (1) 
may be referred to as the dust-lower-hybrid frequency. 19 Equation (6) With the inclusion of the dust charge fluctuations and following Jana et al. 24 , Mahanta et al. 27 have studied the low-frequency electrostatic lower-hybrid-like mode having to the novel mechanism of damping of the mode. 21 " 27 However, in our study we consider still lower frequency regime (ω c d <ti UJ ω c i) and obtain the dust-lower-hybrid mode (Eq.(6)) for constant charge on the dust grains. It is anticipated that the dust-chargefluctuations would lead to an additional damping which is beyond the scope of the present paper.
II. Ultra-low-frequency dust-modes (ω <^ ω c d) :
In this case, we consider two situations of weak and strong FLR effects : 
Using Eqs. (4) and (10) It is interesting to note that this mode also disappears for exact transverse propagation {k\\ = 0). We note that the mode is contributed by the dynamics of the almost unmagnetized massive dust particles which follow the straight-line orbits. The magnetic field effect of the next lighter particles is also negligible for the ultra-low-frequency conditions. These modes may cause enhanced low frequency electrostatic noise from the dustplasma environments. In the process of dust coagulation and crystallization, the resonant interaction of dust grains and these modes may provide a new mechanism of dust attraction causing the formation of structures.
III. Dust-cyclotron mode (ω ~ ω c d)
Like the electron-or ion-cyclotron wave, there can exist a dust-cyclotron mode in a uniformly magnetized dusty plasma under the following conditions : Using these conditions in Eq. (2), we obtain the electron, ion and dust susceptibilities as 
J ) UJuj cd k 2 vd2, the dust-cyclotron mode for the long parallel wavelength is
where
Assuming that the dust charging frequency is small compared to the dust cyclotron frequency, the Troms0-damping 21~27 due to the dust charge fluctuation can be neglected.
The detailed studies on Tromsø-damping of this dust cyclotron mode is beyond the scope of the present paper. As the dust cyclotron frequency is much smaller than the cyclotron frequencies of electrons and ions, the Landau damping of this mode on electrons and ions would be negligible. 30 Moreover, since Ω ~ ω c d and Ω ^$> k\\Vd, the collisionless Landau
IV. Dust-Bernstein mode (ω ~ nω c d)
In this case, we use the following conditions to obtain the various susceptibilities :
UJ ~ nω cd ; Ω > k\\v e>i ; Ω, | Ω -nω cd |> k\\v d .
Under these conditions only the dust motion contribute to the ultra-low-frequency susceptibilities, and thus the electrostatic dust-Bernstein mode can, similar to electron/ion Bernstein modes, 28 be given by We have studied the dispersion relations of the possible low-frequency electrostatic modes in a hot magnetized dusty plasma using the Vlasov-kinetic theory. The plasma has been considered as multispecies with electrons, ions, and heavily charged massive dust grains as the plasma components. It has been found that the inequalities of charges and number densities of the different plasma species and the FLR thermal kinetic effects of the massive and heavily charged dust grains introduce the existence of the electrostatic eigenmodes [Eqs. (6) , (9), (13), (15) 19 We have found two types of ultra-low-frequency modes in the frequency range Ω <ti c d.
Here, for both the weak and strong FLR thermal-kinetic effects, the modes, Eqs. (9) and (13) In the present investigation, the dust grains were taken as a third-component of the homogeneous dusty plasma having constant charge and mass. For simplicity, we have assumed that the charge on the dust grains is not affected by the waves. The variation of the dust charges can lead to additional damping 21 " 27 apart from the collisionless Landau damping of the low-frequency electrostatic modes studied here.
The low-frequency modes studied here can have many applications in space and astrophysics as well as in laboratory experiments for Coulomb-dust crystallization and dustcoagulation in hot magnetized dusty plasmas 9 " 11 ' 31 ' 32 ' 33 . Various collective effects including dust Coulomb crystallization and the parametric mode coupling interactions through these ultra-low-frequency modes in magnetized dusty plasmas will be an important field of research in the future and the work in these lines is in progress.
